Heat transfer in the thermal entrance region of trapezoidal microchannels is investigated for hydrodynamically fully developed, single-phase, laminar flow with no-slip conditions. Three-dimensional numerical simulations were performed using a finite-volume approach for trapezoidal channels with a wide range of aspect ratios. The sidewall angles of 54.7° and 45° are chosen to correspond to etch-resistant planes in the crystal structure of silicon. Local and average Nusselt numbers are reported as a function of dimensionless length and aspect ratio.
INTRODUCTION
Common fabrication techniques enable the production of many different microchannel cross-sectional shapes, including rectangular, circular, triangular, and trapezoidal. The use of an anisotropic etchant such as potassium hydroxide (KOH) or tetramethylammonium hydroxide (TMAH) produces a geometry in a silicon substrate which is either trapezoidal or triangular, depending upon the depth to which etching is allowed to proceed. These etchants have a high (100~250:1) selectivity to the (100) and (110) crystal planes relative to the (111) crystal plane, producing a channel sidewall angle of approximately 54.7° or 45°, depending upon the orientation of the patterned geometry [1, 2] . Anisotropic etching processes are relatively fast and inexpensive; thus, production of microchannels may be readily integrated into the chip fabrication process stream if desired. Thus trapezoidal microchannels hold promise for integrated heat sinking and lab-on-a-chip applications, the design of which is dependent upon the fluid flow and heat transfer behaviors of these channels. The unique conditions of liquid flow and heat transfer in uniformly heated trapezoidal microchannels has not been considered in detail in the literature. The present work reports thermally developing flow solutions over the entire 4 range of possible aspect ratios and provides correlations for predicting friction factors and local and average Nusselt numbers in ducts under the given conditions.
Much effort has been directed in recent years to characterize the heat transfer behavior of fluid flow in ducts of various shapes and sizes. Studies that are most relevant to the current work are compared in Table 1 . Friction factor and Nusselt number values for fully developed, thermally developing, hydrodynamically developing, and simultaneously developing conditions from the literature have been catalogued by Shah and London [3] and Kakac, et al. [4] . These results have been applied to predict the behavior of microchannels beginning with Tuckerman and Pease [5] . It has been shown by Judy, et al. [6] , Liu and Garimella [7] , and Lee, et al. [8] that microchannel flow and heat transfer exhibit continuum behavior in single-phase flows for channel dimensions of interest in high-flux cooling applications. Therefore, results from macroscale channels can be directly applied to such microchannels. However, flow in microchannels may not generally be assumed to be fully developed. Shah [9] summarized his studies of compact heat exchangers and noted the effects of flow development on the thermal performance. Phillips [10] extended these conclusions to microchannel heat sinks and recommended that flow be considered thermally developing but hydrodynamically fully developed. Lee, et al. [8] showed by comparing experimental and numerical data from rectangular microchannels that the assumption of thermally developing flow (TDF) predicts average Nusselt numbers within 5% of the experimental values over the entire range of laminar Reynolds numbers. A departure was observed beginning at Reynolds numbers between 1500 and 2000, and was attributed to the beginning of transition to turbulent flow. Numerical results
were also compared to show that the H1 boundary condition described in [3] effectively represents the 3-D conjugate heat transfer occurring in a microchannel heat sink.
Limited heat transfer and friction factor results are available for ducts with a sidewall angle of 54.7°. Harley, et al. [11] experimentally investigated the frictional pressure drop for flow through channels etched in <100>-and <110>-oriented silicon for a variety of fluids. For small trapezoidal channels, the experimentally observed friction factors were significantly higher than those predicted for fully developed flow. Flockhart and Dhariwal [12] experimentally and numerically determined fully developed friction factors in trapezoidal channels with 54.7° sidewall angles and found good agreement between the two; for channels of shorter length, however, there was less agreement, which could be attributed to flow development effects not sidewall angle and with three heated walls were experimentally investigated by Qu, et al. [15, 16] , who obtained good agreement with theory when an adjusted coolant viscosity was included to account for surface roughness of the channels. Rahman and Shevade [17] experimentally and numerically studied flow in trapezoidal microchannels with heating on all four walls, and concluded that the effects of thermal boundary layer development were significant. Wu and Cheng experimentally investigated both friction factors [18] and heat transfer [19] in trapezoidal microchannels, while considering the effects of other parameters such as surface conditions. They found that channel geometry had a much more significant effect on the Nusselt number than did roughness or hydrophilicity of the wall surfaces. Correlations fit to their data did not explicitly include the effects of dimensionless length.
Other researchers have used numerical methods to study mainly fully developed flow in equilateral and isosceles triangular channels [20, 21] found to agree well with the experiments confirming the applicability of the continuum assumption for the Navier-Stokes equations; a thermal development length was also identified.
The present study follows on the recommendations of Lee, et al. [8] for liquid flow in microchannels and applies the H1 boundary the trapezoidal channel with sidewalls at 54.7° or 45°. The purpose of this study is to explore the effect of aspect ratio and axial length upon the local and average heat transfer coefficients in the trapezoidal duct, and to provide generalized correlations for the corresponding Nusselt numbers and friction factors. The results of this study are helpful for the design and optimization of trapezoidal microchannel heat sinks.
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MATHEMATICAL FORMULATION
Exact solutions are available for thermally developing flow in parallel plates and circular pipes [29, [36] [37] [38] [39] [40] [41] [42] [43] . The solution to the parallel-plates problem provides a foundation for understanding the general characteristics of thermally developing flow. Sparrow, et al. [43] derived the solution for a variety of boundary conditions, including prescribed temperature, prescribed heat flux, and energy generation within the fluid. Shah and London [3] simplified the results of [43] for constant fluid properties, for no internal energy generation, and with axial conduction neglected, to the following form:
where  n , Y n , and C n are eigenvalues, eigenfunctions, and constants, respectively, related to the Sturm-Liouville system [43] with Neumann boundary conditions
in which y* is the dimensionless transverse coordinate. The series in Equation (1) is evaluated numerically using the first 500 terms in the series solution and plotted against nondimensional length in Figure 1 . In the figure, the three curves shown are the local Nusselt number Nu z , the mean Nusselt number Nu m , obtained by integration from the channel entrance to the point of interest, and an average Nusselt number Nu avg , to be discussed in the next section with Equation (8) . Superposed are data tabulated by Shah [29] , obtained using 121 terms of Equation (1). The curves in Figure 1 have three distinct portions: a thermal development region, in which the Nusselt number tends toward infinity on one end of this portion as length goes to zero and approaches the fully developed value on the other end at a constant log-log slope; a transition into the fully developed region; and the fully developed region in which Nusselt number is constant. While the transition region appears to be very small, it will be shown that this is the region of the curve of primary interest at the typical length scales for microchannels.
The axial coordinate z can be nondimensionalized as [3] : m; the base half-width a is varied from 0 to 12.5 mm, as listed in Table 2 . Sidewall angle  is held constant at 54.7° or 45°. At values of  greater than 100, the 2-D parallel-plates solution to
Equation (1) is assumed for both sidewall angles.
The governing equations to be solved are the full 3-dimensional Navier-Stokes momentum, continuity, and energy equations [44, 45] . The problem is not amenable to exact Under these conditions, the development of the thermal boundary layer should result in
Nusselt numbers similar to those in Figure 1 . The solution must satisfy the analytical limits of infinite Nu z at z * = 0, a constant log-log slope over most of the thermal development region, and a smooth, rapid transition to the constant, fully developed value. It will be shown that the present results agree well with analytical solutions with respect to these three characteristics.
Solution Method
The computations were conducted using the commercial computational fluid dynamics software, FLUENT [44] . The SIMPLE algorithm was chosen to solve for the flow field. Only one half of the domain was included in the computations from symmetry considerations. The fully developed velocity profile was first computed using an extended domain upstream, and the outlet velocity profile from this upstream domain was applied as the inlet velocity profile to the primary domain. The upstream domain was sufficiently long to produce negligible (~10 -6 · u z ) xand y-velocity components, indicating fully developed conditions. The momentum and energy equations were then solved for thermally developing flow in the primary domain. In order to accurately capture the extremely high temperature gradients near the wall in the entrance region, while still maintaining a manageable number of cells, it was necessary to tailor the mesh as shown in Figure 2 (b). The mesh geometry includes very close packing of cells near the geometric boundaries at the entrance, both in the axial and transverse directions, while towards the channel exit, a uniform mesh was sufficient. In order to achieve satisfactory results, the ratio of successive cell dimensions was held to be generally less than 1.025 in the axial direction and Following the work of Lee and Garimella [31] , the local Nusselt number may be calculated from the numerical results using: 
The average heat transfer coefficient is calculated as in Lee and Garimella [31] :
For the H1 boundary condition, T w becomes a function only of z. Additionally, for a uniform channel cross section, Equation (7) may be simplified to:
It is noted that the definition of the average Nusselt number in this work typically differs by as much as 12.5% from the mean Nusselt number as defined by Shah and London [3] and others, as may be seen in the parallel-plates solution of Figure 1 . Nu m is based upon an integration of Nu z rather than its inverse. The definition given by Equation (7) effectively integrates the temperature difference and is therefore more readily applicable to bulk thermal resistance calculations. To quantify the performance of an entire microchannel heat sink, the average convection resistance should represent the area-averaged difference between wall and bulk mean fluid temperatures per unit heat flow. Under the definition in [3] , however, the inverse of that temperature difference is area-averaged via the Nusselt number; the average temperature difference between the wall and the fluid implied by that approach is the log-mean temperature difference [45] .
Grid Independence
Results were obtained with three different grids to establish grid-independence: 15 × 20 × 365, 30 × 40 × 365, and 40 × 60 × 365 for channel aspect ratios of 2 and 10, and are shown in Figure 3 (a). For  = 2 the difference in local Nusselt number between the finest mesh and the coarsest mesh at the first inlet cell was 48%; the typical difference over the domain length was between 1% and 5%. The maximum difference between the medium mesh and the finest mesh was less than 0.6%, and this difference was less than 0.1% over the majority of the domain length. Similar results were observed for  = 10.
Results from three different discretization schemes -first-order upwind, second-order upwind, and third-order QUICK schemes [44] -were also compared for the 15 x 20 x 365 grid, as shown in Figure 3 (b) . The first-order and the second-order curves differed by as much as 5%
in the transition region and 1.5% in the fully developed region. Improving the discretization to a third-order scheme resulted in no significant change over most of the channel and less than 1% in a small part of the transition region. All quantities of interest were therefore solved on a 30 × 40
× 365 grid using a second-order approximation.
The numerical analysis was also verified to be independent of the geometric scale by comparing results for a channel aspect ratio of  = 2 at hydraulic diameters differing by a factor of 100, but with identical dimensionless parameters. The difference in the calculated Nusselt numbers was less than 0.5%.
Validation of Numerical Approach
Predictions from the numerical analysis are compared to analytical solutions for fully developed Nusselt number Nu fd and friction constant fRe. The method used to calculate these values analytically for an arbitrary duct shape is described in Shah [30] ; most of the original data for various duct shapes reported in [3] were generated by this method. The z-momentum equation is converted to the Laplace equation through a coordinate transformation, for which an infinite series solution is available. For a finite number of terms, the coefficients in the series are determined so that the error of the solution at an arbitrary number of points on the boundary is minimized. The temperature field is then solved by a similar approach. For aspect ratios greater than 8, the number of terms needed to accurately describe the velocity and temperature profile makes matrix inversion for a least-squares solution difficult. The method of Householder reflections was used to compute all the inversions robustly. Predictions from the present study are compared in Table 3 
RESULTS AND DISCUSSION
Fully developed friction constants fRe were calculated for each channel aspect ratio using the pressure drop across the entire channel length and are shown in Figure 4 . For both channel sidewall angles,  = 54.7° and 45°, the aspect ratio is seen to have a significant effect on fRe.
For channels that are more triangular, i.e., as  → 0, fRe is small (13~14), but for 1< <100, the value of fRe increases approximately as log(). The upper limit of fRe = 24 (parallel plates) is approached slowly as  → ∞. These data agree well with [30] and with analytical solutions, as compared in Table 3 .
Local and average Nusselt numbers were calculated as a function of dimensionless axial length for each aspect ratio, with the resulting families of curves for  = 54.7° plotted in Figure 5 (a) and (b), respectively. For each curve in Figure 5 L are the key parameters that change with channel aspect ratio a, as shown in Figure 6 for the 54.7° and the 45° sidewall angles. For both sidewall angles, 
Friction Constant Correlations
The friction constants fRe for channels with  = 54.7° and 45° are correlated according to
Equations (9) and (12), respectively, which are listed in Table 4 . The correlations are applicable for a wide range of channel aspect ratios spanning from  = 0 to approximately 1100, beyond which the duct may be treated as a parallel-plates channel with fRe = 24. The mean absolute errors of Equations (9) and (12) with respect to the numerical data are 0.25% for 45° sidewalls and 1.20% for 54.7° sidewalls. Equations (9) and (12) are shown in Figure 4 along with the numerically predicted values from this work. Also included are the experimental data of Wu and
Cheng [18] , and the correlations from [18] and from Sadasivam, et al. [22] for  = 54.7° and 45°, respectively. Good agreement is noted between the present correlations and prior work. The correlation of Wu and Cheng [18] for  = 54.7° fits their experimental data well, but the limits at  = 0 and ∞ deviate from the theoretical values by up to 8%. The present correlation for  = 45° requires fewer constants than that of [22] to achieve excellent accuracy.
Nusselt Number Correlations
Fully developed Nusselt numbers Nu fd for channels with  = 54.7° and 45° are correlated in terms of  according to Equations (10) and (13), given in Table 4 . Corresponding correlations for the thermal entrance lengths * th L are given in Equations (11) and (14) . Each of these equations is piecewise continuous, having three sections: constants at the very small and very large aspect ratios, and an intervening sigmoid section fit to aspect ratios from 0.1 to approximately 200. The mean absolute errors of the correlations with respect to the numerical computations are less than 0.5% for Nu fd and less than 1.5% for * th L . Equations (10) and (11) are plotted in Figure 6 (a) along with the numerical predictions for channels with  = 54.7°, while a similar plot with
Equations (13) and (14) is presented in Figure 6 (b) for channels with  = 45°. [3] . The magnitude of enhancement of local and average Nusselt numbers for a given value of  is shown from the present results to be independent of channel aspect ratio, to a good approximation. The local and average Nusselt numbers for a channel of any aspect ratio may therefore be reduced to functions only of  and
Nu
fd . The correlations provided by Shah [29] for local and average Nusselt number can be generalized in this manner, with minor adjustments to improve the accuracy, according to
Equations (15) and (16) in Table 4 . Although from the numerical data, Nu z is found to vary as  to the power of an exponent that ranges between -0.31 and -0.35, a single exponent of -1/3 is used in the first segment of Equations (15) and (16) to represent this dependence as dictated by theoretical analysis for two-dimensional cases. The second segment of Equation (16) 
avg from the numerical analysis for representative aspect ratios of 1, 5, and 10 in Figure 7 . The correlations typically deviate from the numerical results by less than 2% to 3%, although the discrepancies are higher for small (< 1) aspect ratios at very small  values. Equation (15) predicts Nu z to within 1.5% of the exact values known for parallel plates.
Comparison to Simultaneously Developing Flow
Thermally developing flow (TDF) is the condition assumed for predicting microchannel heat transfer in all the results presented thus far, according to the recommendations of Lee, et al.
[8] and Phillips [10] . In practice, however, some extent of simultaneously developing flow (SDF) is expected to be present in microchannel heat sinks. In SDF, the additional effect of (15) and (16) (15) and (16) . Table 1 . Comparison of studies in the literature applicable to thermally developing flow in trapezoidal microchannels. Table 2 . Test matrix for numerical simulations of microchannels with  = 54.7° and 45°. Dev., 1 heated wall
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